Chapter 4 Appendix 1 Convolution in general

Idea of the Convolution Method in general This concerns f = g *
h when neither g nor h is = 1. For an example we will look at Euler’s
phi function ¢ = p * j, where j(n) = nfor all n. In general, if f(n) =
zabzn g(a) h(b)> then

Y f)=" gla)h(b). (10)

n<lz ab<z

This can be rearranged as both
Sgl@) S f0) and S0 F0) Y gla).
a<z b<z/a b<zx a<z/b

Which one you choose depends on the situation. For example, for ¢ = puxj
it would be inappropriate to start as in

D o) =>"j0) Y ula),
n<z b<x a<z/b

since we have no results on the sum of the Mobius function. In fact bounds
on Y. .. pi(a) are as difficult to prove as the Prime Number Theorem, and

further, the statement
1
—Zu(a)—>0as:1:—>oo
X a<z

is equivalent to the Prime Number Theorem, ¢ (z) ~ x.

Theorem 4.16 )
qu(n) = %(2) + O (zlogx).

n<x

Solution start from

S o) =S ula) 3 ).

n<z a<z b<z/a

For this inner sum

Z 0= 3 0=l )

b<z/a
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having simply summed the first [z/a] integers. Continuing

EIE ) - 3G om)Erom )

STom) = Y ula) (%*O@))

n<lx a<lzx
A ) !
2 a? O<TZ a>
a<lz a<lz
2 [ pla u
=3 (Z o) ”) +O(zlog)
a=1 a>x

since >, 1/a =0 (logz)

1 1
(o(52)) otovms

- %2 (ﬁ +O(i)) + O(zlogx),

by Example 4.2 on the tail end sum. |

| 7,

For the interested student we saw earlier as an example of Convolution

Method I, that
Z o(n == -I— O(logx).

n<x

Show that this also follows from Example 4.16 by Partial summation.

13



Problem 4.17 Try the method to find a result for 3, o(n) that is not by
applying partial summation to ), _ o(n) /n.

Proof. Starting from ¢ =1 j we have o(n) =)__,,_ b and so
Do) = > 3 b=D) b= > b
n<x n<z ab=n ab<z alz b<z/a

1 rx x
= 2L (E )

(@) o) m

The first term here contains a convergent sum so use the idea in Convo-
lution I, replace it by a sum over all a and estimate the error as in

263 (Ba-xa) -5 (@)

For the second term in (11) we have

1
< 'TZE < zlog .

a<x

Combine these results to get

Z o(n) = %C(Q) 7? + O(rlog ).

n<x
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